MULTIDIMENSIONAL BORG-LEVINSON THEOREM 

YAROSLAV KURYLEV, MATTI LASSAS, AND RICARDO WEDER 

(3 ■ Abstract. We consider the inverse problem of the reconstruction of a Schrodinger 

"^ . operator on a unknown Riemannian manifold or a domain of Euclidean space. The 

'. data used is a part of the boundary T and the eigenvalues corresponding to a set of 

^ I impedances in the Robin boundary condition which vary on T. The proof is based 

on the analysis of the behaviour of the eigenf unctions on the boundary as well as in 

perturbation theory of eigenvalues. This reduces the problem to an inverse boundary 

spectral problem solved by the boundary control method. 

PLh I Key words: Inverse spectral problems, analysis on manifolds, Schrodinger opera- 

<^ ■ tor. 

1. Introduction 
In 1929 Ambartsumyan [2] considered the Sturm-Liouville problem 

^: (1) -r + q{x)^ = X^P, a;G(0,l), ^'{0) = ^'{1) = 0, 



oo 
(N 



where the potential q is continuous and real valued. Let {Afcj^o be the eigenvalues 



00 

in 

^ ! for this Sturm-Liouville problem. Ambartsumyan proved that if A^ = /c^ for k = 

—I. I 0, 1, ... , then q = 0. 

^ . The next important contribution was due to Borg [6j who assumed that q is inte- 

^ ! grable and real valued. His result can be stated as follows. He proved that one 

^ ' spectrum in general does not uniquely determine the corresponding Sturm-Liouville 

operator and that the result of Ambartsumyan is a special case. 

-^ , Let {Afcj^Q be the eigenvalues for ((H) with the boundary conditions 

^ : ^'(0) + h^ ■ V^(O) = 0, ^'(1) + hs ■ V^(l) = 0, 

and let {/ifcjfcLo be the eigenvalues with the boundary condition 

^'(0) + /i2 ■ HO) = 0, ^'(1) + h ■ ^(1) = 0, 

where hi ^ h^, hj, are real numbers. Then, the two sets {Afcj^Q and {/ifcj^Q 
uniquely determine hi,h2,hs and q. Levinson pil] obtained simpler proofs of some 
of the results of Borg. 

Borg [2j and Marchenko |22j generalized the Borg-Levinson theorem to Sturm- 
Liouville operators on the half line with a boundary condition at the origin when 

1 
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there is no continuous spectrum. They independently proved that the discrete spec- 
tra corresponding to two different boundary conditions at a; = (with a fixed bound- 
ary condition, if required, at x = +00) uniquely determine the potential and the 
boundary conditions at the origin. 

Borg-Marchenko's result was generalized to the case where there is also a continuous 
spectrum in ^ where it was proven that the potential and boundary conditions are 
uniquely determined by an appropriate data set containing the discrete eigenvalues 
and continuous part of the spectral measure corresponding to one boundary condi- 
tion at the origin and a subset of the discrete eigenvalues for a different boundary 
condition. Another extension of the Borg-Marchenko theorem to the case with a 
continuous spectrum is given by Gesztesy and Simon jH]. The uniqueness result is 
proven there in the case when Krein's spectral shift function is known. 

The Borg-Levinson inverse two spectra problem can be reduced to the inverse bound- 
ary spectral problem with data of the form 

(2) {Afc,Cfc}^o 
where Ck are the norming constants, 

Ck ■= \\'ipk\\L^(0,l), 

and ipk is the eigenfunction corresponding to A^ with ^^(0) = 1,^^(0) = —hi. See 
for example |2T], 0. Clearly, data Q is equivalent to the following inverse boundary 
spectral data, 

(3) {A,,0,(O)}r=o, 
where now (pk are the unit-norm eigenfunctions. 

A multidimensional analog of boundary spectral data is the set 

{Afe,0fe|9n}fclo' 
in the case of the Neumann or third-type boundary conditions (cf. ^, and the set 

{\k,dn4>k\da}kLo^ 

in the case of the Dirichlet boundary condition. Here i7 C R" is a (smooth) bounded 
domain and dn is the interior unit normal derivative to dfl. In comparison with the 
1— dimensional case, not all second-order elliptic operators, even isotropic ones, can 
be reduced to a Schrodinger operator in fl. For different classes of isotropic elliptic 
operators, e.g. for an acoustic operator, or a Schrodinger operator , or a more 
general second-order operator, namely, 

(4) 
Au = — c^^(a;)An, or Au = —Am + q{x)u, or Au = — div {e{x)S/u) + q{x)u, 

where c, e are positive functions and g is a real-valued function in fl, the uniqueness 
of determination of c, or q, or e and q was proven, correspondingly in jH], [2HI and 
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^^. It should be noted that the methods used in these papers differed significantly, 
with |S| introducing the boundary control (BC) method while jlHI being based on 
the complex geometric optics method of pjif and [21| using the ideas of 9-problem. 

The inverse boundary spectral problem for the anisotropic case was considered in [4], 
where it was shown that boundary spectral data determine a compact Riemannian 
manifold and in [T2j, [H] and ^^ where it was shown that boundary spectral data 
determine, up to a natural group of gauge transformations, a general second-order 
self-adjoint elliptic operator and a wide class of second-order non-self-adjoint elliptic 
operators on a compact manifold. It should be noted that, the boundary dfi of the 
manifold being given, the manifold itself was not a priori known and was to be 
recovered from the boundary spectral data which, in this case, is the set 

(5) m, {Xk, (pk\dn}T=i) 

where A^ and (pk are the Neumann-eigenvalues and normalized eigenfunctions of the 
Laplace-Beltrami operator. 

In this paper we use invariant formulation of inverse problems, i.e., formulate the 
problem in terms of manifolds. For clarity, we also apply the obtained results in 
the Euclidean setting. Unless otherwise specified, {fl, g) is a smooth connected 
compact Riemannian manifold with non-empty boundary. On {Vt, g) we study the 
Schrodinger operator 

A= -A + q 

where A = A^ is the Laplace-Beltrami operator. By A^ we denote the operator A 
defined in the set of if^(M) functions that satisfy the third-type boundary condition 
on dQ, 

{dyU + uu) |af7 = 0, 

with dy being the interior normal derivative on dVt in the corresponding metric. 
Following physical literature, we refer to the real valued function u G C^{dVL) as 
the impedance. The proofs in [T^, [HI, [HI were based on a geometric approach 
to the BC-method, see [HI for a detailed exposition. It is, however, clear from 
the considerations above that the mentioned papers on multidimensional inverse 
problems did not consider a multidimensional analog of the Borg-Levinson inverse 
problem , but the inverse boundary spectral problem. A multidimensional analog 
of the Borg-Levinson inverse problem may be formulated as follows: 

Definition 1.1. Let (Vt.g) he a compact connected Riemannian manifold with non- 
empty boundary dVt, S C dVt he an open connected non-empty subset and q be a real- 
valued function in C^iyt). Let ojq G C°°{dVL) be a real valued function. Consider 
the Schrodinger operators in L'^iVt) of the form, 

(6) A^u = -Am + qu, DiA"^) = {u E if^(fi) : (d^u + uu) \an = 0}, 
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where u is real valued and uj = u — ujq ^ C^(S). Denote by \k{uj), k = 1,2, . . . the 
corresponding eigenvalues counting multiplicity. The local spectral data is 

(7) S and the map uj h^ {Afc(tu)}^i defined for u G C°°((9fi), cu - luq e C^i^). 

Note that here Q is compact manifold so that C°°{Q) consists of functions that are 
smooth upto the boundary. 

Problem 1.2. Do local spectral data of form ^ determine {^,g), q anduo uniquely? 

Note, that by determination of a Riemannian manifold (fi, g) we mean determination 
of its isometry type. 

We denote the Gateaux derivatives oi u \-^ Afc(c<j) at uq in the direction u by 
Aa:,6jo(^) = dXk\ujo(J^)- Clearly, local spectral data make it possible to find the Afc,wo(cD) 
for any A; = 1, 2, . . . and u G Co°°(S). 

In following, we use notation 

(8) B^{uJo) = {ujeC°°{dn): \\uj-uJo\\L^idn)<e, u - Uo e C^ (J:)} . 

Depending on degeneracy/non-degeneracy of the spectrum of A^", we prove the 
following result. 

Theorem 1.3. Let {^,g) be a smooth, compact, connected Riemannian manifold 
with boundary and S C dfl be an open, connected, non-empty subset and A'^° be a 
Schrodinger operator of form ^. Then 

a. If the spectrum of A^^ is simple, then S, the eigenvalues \k{uJo), and their Gateaux 
derivatives, \k,ujg{uj); u G C^(S) uniquely determine {fl,g), q and uq. 

b. For arbitrary A'^° , given S and {^k{^)}'kLi for all real-valued lj G B'^^uq) with 
some e > 0, one can uniquely determine {fi,g), q anduQ. 

Note that, in Theorem II. 3[ we do not assume an a priori knowledge of either fi or 
dfl. We only have to know S. Theorem ll.3l has the following corollary in Euclidean 
setting. 

Corollary 1.4. Let f2 C M", 9ij{x) = c{x)Sij be a conformally isotropic metric on 
Vt, and S C dVt be open and non-empty. Let A^° be a Schrodinger operator of form 
^. Then S and {Xkiyj)}'^^^ for all real valued u) G B'^{ujq), with some e > 0, 
determine Vt as a subset ofW^, c{x), q, and ujq uniquely. 

2. Boundary behavior of eigenfunctions 

In this section we consider the eigenvalues and eigenfunctions of an operator A^ for 
a fixed UJ. In this connection we skip using u throughout this section, writing Afc 
instead of AA;(a;) and (pk instead of (j)ki^)- 



MULTIDIMENSIONAL BORG-LEVINSON THEOREM 5 

To describe behavior of eigenfunctions near dQ we employ the boundary normal 
coordinates x = (-2, t), where r = dist(x, Sfi) and z is the unique point on dQ 
nearest to x with local coordinates z = {z^, . . . , z'^~^). 

Lemma 2.1. Let (f) be an eigenf unction for an eigenvalue X of an operator A^ (with 
some fixed u). Then, for any Zq G dQ, there is a multi-index ao G Z"~ such that 

(9) a"V(zo) ^ 0. 

Here (f){z) = 0(z, 0) and equation ^ is valid in proper local coordinates on dfl, 
z = {z^, . . . , z"'~^) where, without loss of generality, zq = 0. 

Proof. If ciJ 7^ we introduce a gauge transformation [Hj 

U > V = KU, K G C°°(f2), k{x) > for X G f2, drK\r=Q = —U!. 

Then ^ = fi;0 is a smooth solution to the equation 

(10) 

-d^ip - g'^didjip + a^'drip + a'diip + aV = A?/-, r > 0, i,j = l,...,n-l, 

where a°, a\ a" and g^^ are functions of {z, r), and 

(11) dr^\r=0 = 0. 

Assume now that, for any a = (ai, . . . , a„_i) G Zl'\ 9"0(O) = d^l . . . <9^„r/0(O) = 
and, therefore, (9"^(0) = 0. Using (fTIIll . (|TT|l . this implies that for any /3 = 

(A,...,/3„)gZ-, 

(12) 9j...9f:-9f"^(o) = o. 

Let ip,aP,a},g^^ be even continuations of these functions across the boundary r = 
and a" be an odd continuation of a„. Then, in an open set U C M",0 G U, the 
function ?/) is a C'^(U) solution of the equation 

(13) - dli) - f^didj^ + a^dr^ + a^(9i^ + a^^ = xip, 

with g^^ G CO'i(f/) and o^ G L°°(t/), p = 0, . . . , n. Moreover, by ^, for any A^ > 
there is Cn so that 

n-l 

|V^(^,r)|<C^|x|^, \x\^ = Y^\zf + T\ 

i=l 

This, together with equation |TT?|l imply, due to the Hormander strong uniqueness 
principle, [E], that ip = (p = 0. □ 

It will be shown in the next section that, under some additional assumptions, local 
spectral data determine |0^°(a;)|, a; G E, A; = 1, 2, . . . . Moreover, the following result 
holds: 
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Theorem 2.2. Given ^ G C°°(S) such that ^{z) = \(p{z)\, z E T,, where is an 
eigenf unction of an operator A^^ , it is possible to find (/)|s up to multiplication by 
±1. 

Proof. To fix the sign of 0, choose a point zq & T, where ^{zq) > and take (p{zo) = 
C,{zo) > 0. Let {z^ , . . . , z""'^) E Br G M""^ be Riemannian normal coordinates in 
the metric ball Br{zo) C S, where {dQ,g) is endowed with the metric induced by 
(r2,fyf). Note that we can choose 

(14) r = min(inj(afi), dgnizo, 5S)). 

We first show that ^ determines everywhere in Br- By continuity of 0, it is 
clear that ^ determines in ball Br for sufficiently small r. Let p be the largest 
possible value p < r such that ^ determines in ball Bp. We want to show that 
p = r. Assuming the contrary, we note that is defined on the closure Bp. Let 
y G dBp C S. If 0(y) 7^ 0, then, by continuity, ^ determines in a vicinity of y. If 
(f){y) = 0, by Lemma ED there is m > such that 

(l^)(z) = Y^ h^{z -yf + {\z - |/r+^) , 6„o ^ for some Oq, |ao| = m. 

\a\=m 

It follows from (fT^ that there is an open dense set W C S"'~'^ such that, for 

,1 „n-l-' 



(e\...,e"-^) G VT, 



9^0(1/) = ie^d,r<P{y) ^ 0. 



Choosing e transversal to dBp at ?/ and assuming that, without loss of generality, 
de = dn-i, we obtain, using Malgrange Preparation Theorem, e.g. jnj Th. 7.5.5], 
that, in a vicinity of y, 



(16) 0(^, ^"-^) = c{% z--^) Y, «K?) (^""' - y'^-'Y- 

1=0 

Here z = (z^, . . . , -z""^), the function c{z) = c{z, z^~^) is a C°°— function near z = ?/ 
with c{y) 7^ and am(z) = 1. Therefore, 0(z, 2:"^"^), for a fixed z, has only a finite 
number of real roots, rj{z). The function 0(z, 2;""^), considered as a function of 
z^~^, changes its sign at rj{z) when this root is of an odd order and does not change 
the sign when the root is of an even order. As the lines z' = const are transversal 
to dBp near y, we obtain the continuation of into a vicinity of y. As y E dBp is 
arbitrary, we obtain the continuation of into an open neighborhood of Bp. Thus, 
p = r, i.e. can be uniquely determined everywhere in the ball Br. It also follows 
from the above arguments that {z : 0(z) 7^ 0}nBr{zo) is an open set of full measure. 

To proceed further, let z G S and L be a curve in S connecting zq with z. We 
cover L by a finite number of balls Br /2{zj), j = 0,1, ..., J, zj = z, such that 

Brj /2izj) n Br^^^/2izj+i) ^ 0. In particular, there is a point Z\ G -8^/2(2:0) n 5^/2 (-Zi) 
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with 0(ii) 7^ 0. By the previous construction we find in Brj^(zi) which contains 
Bri/2{zi). Continuing this process, we find (p{z). □ 

3. Generic behavior of eigenvalues 
Consider the quadratic form Q"^ related to the operator A'^, 

(17) Q"'{u)= f {\Vu\^ + q\u\^) dV+ f uj\u\^dS, 

Jn Jan 

where dV, dS are the volume and area forms generated by the metric g in Q: and 

dn. 

Let A{t) be an analytic, for |t| < e, one-parameter family of Schrodinger operators 
of the form ©, where the impedance uj{t) of the form 

(18) uj{t) =uJo + tu, with real uj E C(^(S). 

Then A{t) is a self-adjoint homomorphic operator family of type (B), in the sense 
of Kato lini Section 7.4], so that the eigenvalues Afc(to'(t)) and eigenfunctions 0^ 
may be chosen to be analytic with respect to t. In this case we can find the Gateaux 
derivative of Xk with respect to t. A bit more generally, the following result holds: 

Lemma 3.1. Let Xk(t), (pkit) he an eigenvalue and a corresponding normalized 
eigenfunction of A{t) which are differentiahle with respect to t. Then 



(19) Xkit) = - IMW^dS, 

Jan 

where X stands for the t— differentiation of X. 

Proof. Differentiating with respect to t the equation for 0a;(^), we get 

(-A + g - Afc(t)) 0fc(t) = Afc(t)0fc(t). 
Thus, due to ||0fc(i)|| = 1, 



(20) Afe(t) = / (-A + g - Afc(t))0fc(t) 0fc(t) dV 



duMt)Mt)-Mt)duMt)) dS. 

an 



By the boundary condition in (P), 

du'pkiz, t) = - \uj{z, t)(j)k{z, t) + uj{z, t)(f)k{z, t)j, z edVl. 

This together with TB^ imply equation (fTn|l due to (fTHll . □ 

Denote by Hkiyj) the multiplicity of A^ and assume that iikiyj) is constant near ujq. 
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Corollary 3.2. Assume that for some e > 0, \k-j-i{uj) < \k^j{u!) = . . . \k{uj) = 
■■ ■ = Xk+p-i{uj) < Xk+p{uj), p + j = /ifc(^o); for all 

(21) uj G B^iuo). 

Then for any uj G C^(S) and a normalized eigenfunction (f) of A^" corresponding 
to the eigenvalue Xk{^o) there is an eigenvalue X{t) and a normalized eigenfunction 
(f){t) of A'^^^\ cu{t) = too + tiu such that 0(0) = (p and that the equation fT^) is valid. 



This result is standard for the perturbation theory for quadratic forms, e.g. [Ti 
[n]. We repeat its proof for the convenience of the reader. 

Proof. By the perturbation theory for quadratic forms, e.g. [IB], [H], a sufficiently 
small disk centered in Xk = Xk{uJo) does not contain eigenvalues of A'^ , except for 
Xk-j{uj), . . . , Xk+p-i{uj), when uj satisfies (^111 with sufficiently small e. Consider the 
Riesz projectors, Pj^, to the eigenspace corresponding to Xk{uj), 

(22) ^ = 1^//"''^- 

where R^ is the resolvent for A'^ and F is a sufficiently small circle around Afe(co'o). 
When u = uj{t) is of form (fT8|l . Rz(t) is an analytic, with respect to t, operator- valued 
function in L'^{Q). Therefore, P^ are also analytic with respect to t. Moreover, for 
sufficiently small e and real t, (j){t) = P^ (f) ^ so that 0(t) = </)(t)/||0(t)|| is a 
desired normalized eigenfunction for A{t) which smoothly depends on t. This implies 
also that Xk(t) is smooth with respect to t and the considerations of Lemma EH] are 
valid. □ 

Combining Corollarv 13.21 with Theorem 12.21 we obtain the following result. 

Corollary 3.3. Assume that Xk{uj) has a constant multiplicity, fiki^) = j^ki^o) for 
all UJ satisfying equation ^21\) . Then Hk{^) = 1- 

Proof. By corollarv 1^21 any G P^°L^{n), \\(f)\\ =Jl satisfies equation dH)). Thus, 
for any two different normalized eigenfunctions 0, for A^, 

\(P\^udS= f \4>\^udS, 
an Jdn 

with arbitrary uj G C(f (S).This implies that |0| = |0| on S, so that 0|s = ±0|s- 
This, together with the boundary condition in (P), yield that also (9,y0|E = ±(9i,0|e- 
Using the similar arguments as in proof of Lemma EH] and applying the Hormander 
unique continuation theorem ^H], = ±0 on fi. □ 

We now investigate the multiplicity of eigenvalues under small perturbations of the 
impedance. 



Lemma 3.4. For any k G Z-|., e > there is uj E C°°{dil) satisfying equation |121 
such that Xi{uj) are simple for i = 1, . . . ,k. 
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Proof. By the perturbation theory for quadratic forms e.g. jIHI, [S], for any ujq E 

C°°{dQ) and z G Z+, there are e, 6 > such that 

dim P''{6)L\Q) = dimP^'>L\Q), 

for all u G Bf^{uJo), where P'^{6) is the projector onto the sum of eigenspaces of A^ 
corresponding to the eigenvalues from the interval (Aj(a;o) — 5, Xi{uJo) + 6). Therefore, 
HiioJo) is an upper-semicontinuous function oi ujq G L°°{dVL). 

Let 

^.{ojq) = hminf jJ'iioj), JiiioJo) = limsup fJ'ii^)- 

As ^i{uj) G Z_(_, there is 6i = 5j(c<Jo) > 0, such that 

min/ii(u;) = /i.(u;o), max/ij(u;) =]Ii{uJo), 

where minimum and maximum are taken over the set oo G B^, )(^o)- Choose cui 
with fii{ui) = fiAuJo) such that 

\\uJi ~uJo\\L^idn) < min(e/A;, Si{uo)), uji - uq e C^{T.)- 

Then, due to the mentioned upper-semicontinuity of /ii, there is (5i > so that 

(23) /ii(w) = /ii(cui) for u G 5^K). 
By Corollarv l3.3| 

/fi(^o) = Ati(^) = 1, 
for u G Bf'(uJi). 

01 

Next we find 62 < Si such that 

min/X2(^) =/^2*^^i^ 
where minimum is taken over the set 

(24) u G BrAuJi). 

This makes it possible to choose 002 satisfying (|2Hl and also 

yU2(t^2) =/f2(^i), lk2-t^i||L-(9Q) < min(£:/A;, ^2). 
Repeating the same arguments as for /xi, there is 62 < min(£/A;, 62) such that 

(25) /f2('^i) = /^2(^) = 1, 

for uj G B2°(uj2), and the ball B^(uj2) lies inside the ball B2^(uji) so that also 

/ii(u;) = 1. 
Continuing this procedure, we find Uk G C°°{dQ),uJk — cjo G C^(S) with 

(26) /Xi(t^fc) = ••• = yUfc(^fc) = 1- 
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Moreover, it is seen easily from the above construction that 



n 



Remark 3.5. A slight modification of the previous arguments shows that, in any 
C^{Ti) — neighborhood of uoq there is an impedance uo such that the spectrum, of A^ 



is simple. Indeed, we can easily generalize Lemma 3^ to show that, for any k G 
Z+, e > and uo there is uJk satisfying ^26^) such that 

(27) ll^fc - ^||c*(on) < ^■ 

To construct uj with simple spectrum, we first find ui with Hiiuji) = 1 satisfying ( fF^) 
with k = 1 and cuq instead of uj. Then we find 002 with ij.i{uJ2) = l^2{^2) = 1 o-'nd ^21\) 
with k = 2 and uJi instead of uj. By taking, if necessary, uj^ to he L°° — closer to uj\, 
we obtain that 

(28) |Ai(cu2) - A2(a;2)| > (1/2 - l/2^)\\iM - A2(a;i)|. 

Next we find us with fiii^uj^) = ^12(^3) = fJ'si^s) = 1 and | fF?j) with k = 3 and U2 
instead ofoj. By taking, if necessary, u^ to he L'^— closer to uj2, we obtain that 

(29) |Ai(cu3) - A2(a;3)| > (1/2 - l/23)|Ai(a;i) - \2{uj{)l 

\\2M - \3M\ > (1/2 - 1/2=^)|A2(^2) - A3(a;2)|. 

Continuing the above procedure, we construct a converging, in C°°(9r2), sequence 
UJk. Denote by uj its limit, uj = limcjfc. By ^21/\) . for any p G Z_|_, 

(30) \\uJo -uj\\cp(dn) < B- 

As \i{uj) depends continuously on uj, equations (H^, ( f^) . and analogous equations 
for further uJk show that 

\Xk{uj) - Aa;+i(u;)| > -\Xk{uJk) - Xk+i{^k)\ > 0, 

so that A^ has simple spectrum. It is clear from the above construction that the set 
of impedances uj with degenerate spectrum is of the first Baire category. 



We note that the above result can be also obtained using [2g], however, the method 
of |2n] is different from the one in Remark l375l being based on the ideas of [^ rather 
than the quadratic forms perturbation theory and unique continuation for elliptic 
equation. 

4. From local spectral data to boundary spectral data . Proof of 

main results. 

We are now in the position to prove our main results. We start with the following 
technical theorem: 
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Theorem 4.1. For any real ujq G C^i^dVL) and any open, non-empty connected 
E C dVt, the local spectral data determine the traces 0fc|s, k = 1, . . . , up to a sign, 
of the eigenfunctions of the Schrodinger operator A^° . 

Proof. If HiioJo) = 1, Corollary 13.21 makes possible to find, for an arbitrary uj G 

(31) / ^(^^\'dS, 

Jan 

where 0, is the normalized eigenfunction of A^^ corresponding to Aj(u;o). 

Let now HiiuJo) = J9 > 1, say A/ = ■ • • = Aj = ■ ■ ■ = Am, l<i<m, m — l = p— 1. 
By Lemma [231 there are smooth impedances Un, n = 1,2, ... , which converge to 
Uo while their eigenvalues Xj{uJn), 1 < j < ^, remain simple. By Corollarv 13.21 it 
is possible to find jQ^uj\(f)^\'^ dS, where 0", for I < j < m, are the orthonormalized 
eigenfunctions oi A^" corresponding to \j{un)- As 1 10"| |/fi(f7) are uniformly bounded, 
there is a subsequence n{k), which we assume to be the whole sequence, such that 

(32) lim (f)] = (f)j, l<j<m. 



n— >oo 



The convergence in p2|) is weak in H^{Q) and strong in H'^{Q) for any s < 1. As 

lim \j{ujn) = Xj{uJo), I < j < m, 

n— >oo 

4>j satisfy the equation 

(-A + q)(f)j = \j{uJo)(l)j. 
Moreover, as 

lim 0"|an = (pj\dn in L^{dQ), 

we see that (pj are normalized eigenfunctions of A"^" for Xj, 1 < i < m. In addition, 
for multiple eigenvalues of A^^ , the corresponding eigenfunctions remain orthogonal 
because the eigenfunctions 0^ , 0^, j,k < m are orthogonal for any n and j ^ k. 
Thus, 0j are the first m orthonormal eigenfunctions of A'^°. 

Also, 

(33) lim / |0"|2^rf5= / |0,f^d5, 

"^°° hu Jan 

for any u G C^(E), so that we know all integrals (f3T|) when i <m. Since m G Z+ is 

arbitrary, we determine the integrals ([3T| for any ? G Z+ and ui G C^(S). In turn, 

this determines all functions |0i|s- Applying Theorem 12.21 we find 0j, i = 1,2, ... , 

on S up to a sign. □ 

Proof of Theorem FTHl 

a. If all eigenvalues oi A^° are simple, then, by upper semicontinuity oi fj,k, it follows 
from Corollary 13.21 that the Gateaux derivatives of Afc(a;o) determine the integrals 
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^^ for any uj G C^(S). It then foUows from the proof of Theorem 14.11 that the 
Gateaux derivatives of \k{uJo) determine (f)i{uJo), z = 1, 2, . . . , on E. 

b. In general, Theorem 14.11 shows that Aj(a;) for ui satisfying (f2T|l with any e > 0, 
determine (pi^uo), i = 1, 2, . . . , on S. By [121 Thm. 7.3], this data determines 
uniquely the isometry type of {fi,g) and the gauge-equivalence class {n~^A'^'^n : 
K G C°°{Q), k{x) > 0} of the operator A'^°. By [Til Lemma 2.29] this equivalence 
class contains a unique Schrodinger operator of the form ^. Thus we can find q 
and Uq. This completes the proof of Theorem 11.31 □ 

Corollarv 11.41 is a direct consequence of Theorem 11.31 and the fact that by Liouville 
Theorem p^, an isometric embedding of a conformally Euclidean n-manifold to M" 
is unique. 

Remark 4.2. In the case where some of the eigenvalues of A^° are simple and 
some are degenerate, our proof gives a result that is slightly more general than (b) 
in Theorem 1.3. 

We have actually proven that {Q,g),q and uq are uniquely determined by the data 
consisting ofE, the simple eigenvalues Xk{uJo) and their Gateaux derivatives, Xk,ujo{u!); 
UJ G C^(S), and moreover, for each degenerate eigenvalue, AA;(ti;o), with multiplicity 
/ijt(co'o), the local spectral data, {A;(a;)};^^~- for all u G B^{luo) for some e > 0, and 
where p,j are the only integers such that, p + j = fiki^o), and 

Xk-j-i{uJo) < \k-j{uJo) = ■ ■ ■ = \f.(uo)) = ■ ■ ■ = Afe+p_i(t^o) < Afe+p(u;o). 
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